The Born-Infeld gravity is a modification of the theory of general relativity inspired by the nonlinear Born-Infeld electrodynamics. The theory is described by a series of higher curvature terms added to the Einstein Hilbert action with the parameter κ. The Born-Infeld gravity has several interesting exact neutral and charged black hole solutions. We study the problem of overcharging extremal black hole solutions of Born-Infeld gravity using a charged test particle to create naked singularity. We show that unlike general relativity, the overcharging could be possible for a charged extremal black hole in Born-Infeld gravity as long as the matter sector is described by usual Maxwell's electrodynamics. Once the matter sector is also modified in accordance to the BornInfeld prescription with the parameter b, the overcharging is not possible as long as the parameters obey the condition 4κb 2 ≤ 1. a sjana@prl.res.in b rajibul.shaikh@tifr.res.in c sudiptas@iitgn.ac.in
I. INTRODUCTION
an event horizon. The strength of the electric field remains nonsingular as in Born-Infeld electrodynamics. However, this may not be the only solution because, in EiBI gravity, the matter coupling is nonlinear. The authors of [27] have shown, in a different framework, that the central singularity could be replaced by a wormhole supported by the electric field. In [24] , the author obtained a class of Lorentzian regular wormhole spacetimes supported by the quintessential matter which does not violate the weak or null energy condition in EiBI gravity. The generalisation of this result in the context of arbitrary nonlinear electrodynamics and anisotropic fluids was obtained in [46] . Some new classes of spherically symmetric static spacetimes were obtained where EiBI gravity is coupled with Born-Infeld electrodynamics [20] . They include black holes and naked singularities. Earlier, a lot of work has indeed been done by considering nonlinear electrodynamics coupled to GR [47] [48] [49] [50] [51] [52] [53] [54] . Some of them are motivated by string theory since Born-Infeld structures naturally arise in the low energy limit of open string theory [55, 56] .
An essential question in general relativity is to understand the global properties of the field equation, in particular, the issue of cosmic censorship. There are various versions of cosmic censorship conjecture. One of the version prohibits evolution of a generic, sufficiently regular initial data into a solution with a naked singularity. The full analysis of this problem is complicated given the complicated nature of the Einstein's field equations. A more straightforward exercise could be to look for specific counterexamples, where one starts with a black hole solution with a horizon and try to create a naked singularity using a physical process. For example, Wald [57] considered the problem of overcharging an extremal Reissner-Nordström (R-N) black hole solution using a charged test particle. Interestingly, the dynamics of the particle does not allow such overcharging to happen. In [58] , the problem was studied for a near extremal Reissner-Nordström (R-N) black hole. It was shown that overcharging is possible if the back-reaction effects are ignored. Similar consideration was obtained from the study of the rotating black hole in [59] and also for massless charged particles [60] . The back reaction problem was analyzed in detail in [61] and it was shown that the overcharging would not occur once the back-reaction effects are considered. In the context of general relativity, a general proof of the impossibility of overcharging an extremal or near-extremal black hole solution was provided in [62] generalizing a result in [63] .
In this work, we study the same overcharging problem in the context of Born-Infeld grav-ity. We analyze the dynamics of charged test particles in the background of extremal black hole solutions in the Born-Infeld theories and show that the overcharging could be possible when the matter sector is described by usual Maxwell's electrodynamics. Interestingly, once we consider the modification of the matter sector by the Born-Infeld prescription, we find that there is no possibility of overcharging (provided a condition on the Born-Infeld parameters is satisfied). Our result indicates that the Born-Infeld modification of gravity along with matter sector is as consistent as general relativity.
II. OVERCHARGING A BLACK HOLE BY THROWING A MASSIVE CHARGED

PARTICLE
We consider the motion of a test particle of charge q, mass m, and four-velocity u µ , in a fixed background spacetime (spherically symmetric and static) given by
where g tt (r) and g rr (r) are characterized by the black hole parameters: charge Q, mass M, and the Born-Infeld parameters κ and b 2 (to be introduced later). The motion of the test particle can be obtained from the following Lagrangian,
where A µ (x ν ) is the electromagnetic vector potential of the black hole. For radial motion of the charged particle,
, λ being the affine parameter along the world line. Then, from Eqs.
(1) and (2) we get
where E is a constant of motion along the particle's worldline. Then, for the timelike trajectories, i.e. u µ u µ = −1,ṙ
For the Reissner-Nordström (R-N) black hole solution A t = −Q/r. However, A t is modified in the presence of the Born-Infeld structures in gravity and matter sectors. Sinceṙ = 0 corresponds to a turning point, for "in fall" of the particlė
where r + is the event horizon corresponding to the initial configuration of the black hole.
When the particle falls past the radial coordinate r + , the final configuration of the black hole consisting of total charge (Q + q) and mass (M + E) must exceeds extremality in order to destroy the black hole. In case of the R-N black hole solution, this implies that,
In [57] , it is established that these two conditions are mutually exclusive and can not be satisfied together. As a result, it is impossible to overcharge an extremal charged black hole in GR to create a naked singularity.
In Born-Infeld theories, the charged black hole solution is modified and the condition of overcharging becomes,
whereQ ≡Q(Q, κ, b 2 ) is an "effective charge" and is a function of the actual black hole charge Q and the BI parameters κ and b 2 . For the initial extremal black hole, we havē
2 ). In the R-N limit, i.e.
κ → 0 and b 2 → ∞,Q(Q) = Q andQ(Q + q) = Q + q. We assume the "back reaction" effects are negligible. Thus, to overcharge a black hole, the two conditions given by Eqs. (5) and (6) must be satisfied.
III. THE EDDINGTON-INSPIRED BORN-INFELD (EIBI) GRAVITY
First we first briefly recall the details of EiBI gravity. The central feature here is the existence of a physical metric which couples to matter and another auxiliary metric which is not used for matter couplings. One needs to solve for both metrics through the field equations. The action for the theory developed in Ref. [8] is given as
where λ = κΛ + 1, Λ being the cosmological constant. As mentioned earlier, κ is the constant parameter of the theory having dimension of [Length] 2 and, for sufficiently small κ, the action reduces to the known Einstein-Hilbert action. Variation with respect to Γ (assuming symmetric Γ ρ µν and R µν ) gives
where q µν is called the auxiliary metric which satisfies the compatibility condition ∇ α ( √ −qq µν ) = 0 with respect to Γ, which gives
Variation with respect to g µν gives the field equation
where the T µν are components of stress-energy tensor in the coordinate frame. The stressenergy tensor is conserved (∇ µ T µν = 0) with respect to the physical metric (g µν ). Since the energy-momentum tensor is coupled to the physical metric, invariant scalar quantities associated with the physical spacetime metric are more relevant. The structure and field equations in EiBI theory imply that the physical metric (g µν ) couples to matter fields and governs the dynamics of test particles. In more precise words, a freely falling test particle follows the geodesic of the physical metric g µν . On the other hand, the auxiliary metric (q µν )
does not couple to matter fields but plays an indirect role through its presence in the field equations.
IV. BLACK HOLES SUPPORTED BY THE MAXWELL'S ELECTRIC FIELD AND THE OVERCHARGING PROBLEM
For the Maxwell's electromagnetic field theory in the curved spacetime, the Lagrangian
field tensor. The corresponding stress-energy tensor is given by
For an electrostatic scenario, the four-potential is A µ = {A t (r), 0, 0, 0}.
A. General relativity
In GR, i.e. for the Reissner-Nordström spacetimes,
The event horizon (r + ) and the Cauchy horizon (r − ) are given by r ± = M ± M 2 − Q 2 . The extremality corresponds to r + = r − = Q = M. One can also note that, for extremality, g tt (r e ) = g ′ tt (r e ) = 0, where the extremal horizon radius r e = r + = r − . Then, from Eqs. (4) and (5), we get that E > q for the test particle falling past the horizon of the extremal black hole. On the other hand, to exceed the extremality condition of the final black hole, we need E < q. So, there is no window of choosing a suitable E. Thus, the overcharging is not possible for the Reissner-Nordström extremal black hole by throwing a massive charged particle. This is the result obtained in [57] .
B. EiBI gravity
In EiBI gravity, the resulting black hole spacetime is given by [8, 18, 20, 24, 26, 46] g tt = −ψ 2 (r)f (r) and g rr = 1/f (r), where
By solving the equation of motion for the electric scalar potential A t , or alternatively from the conservation of the stress-energy tensor (i.e. ∇ µ T µν = 0) we get
Note that the spacetime is singular at r 0 = (κQ 2 ) 1/4 ((|κ|Q 2 ) 1/4 for κ < 0) unlike in the case of R-N black hole where we get a point singularity at r 0 = 0 and the charge Q is now distributed over a 2-sphere of area radius r 0 , instead of being a 'point charge'. The horizon radius (r e ) of the extremal black hole is obtained from f (r e ) = f ′ (r e ) = 0 using Eq. (12).
This leads to
and
Thus, for extremal black holes, we have M =Q whereQ is an "effective charge" and is function of the actual charge Q and BI parameter κ. Note that for κ = 0 (i.e. GR) in the last equation, M = Q. However, for κ = 0, the mass to charge ratio (M/Q) differs from 1 (see Fig. 1 ). Also note that, for r 0 ≥ Q i.e. |κ| ≥ Q 2 , horizon lies below r 0 and we do not have an extremal black hole at all. Thus we assume |κ| < Q 2 in our study. Here, for Q > M, we have naked singularities similar to the case in GR for Q > M. We verify this by a graphical analysis shown in Fig. 2 as it is difficult to verify analytically due to the complexity of functional form of f (r) (Eq. 12). Using Eqs. (11), (12) , (13) in Eq. (4), we geṫ
Then, for crossing the horizon,ṙ 2 > 0 for all r ≥ r e . To satisfy this condition at the horizon radius, r = r e = Q,
We use Eq. (6) to get the condition for exceeding the extremality of the final black hole
where we used M =Q(Q, κ) for the initial extremal black hole configuration andQ(Q, κ) is given by Eq. (15).
Both Eqs. (17) and (18) will be simultaneously satisfied, i.e., there will be a window for a choice of E for overcharging the black hole only when the quantity Therefore, M =Q (given in Eq. (15)) is the extremal condition of EiBI black holes. This is similar to the case of GR where we have black holes if M ≥ Q and naked singularities if M < Q.
is positive (∆ > 0). However, in general, showing ∆ > 0 analytically is difficult. For small κ or for large black hole such that Q 2 ≫ |κ|, we obtain
Also, noting that the test charge q must be small compared to the black hole charge Q, i.e.
Q ≫ q, we obtain
Hence, overcharging of the extremal black hole is always possible for κ > 0. However, for κ ≤ 0, overcharging is not possible. Also, note that we recover the general relativistic results in the limit κ → 0.
To show whether or not the overcharging is possible for arbitrary κ and Q, we define a dimensionless variable ξ(µ,
If ξ > 0 for some specific values of µ and η, then there will be a window for a choice of E for overcharging the black hole. In Fig. 3 , we plot (3D surface plot) ξ as the function of µ and η where we use |κ| ≤ Q 2 (i.e. |µ| ≤ 1) and q ≤ Q (i.e. η ≤ 1). From the plot, we note that ξ > 0 for all µ > 0 and η. Thus, for κ > 0, we can choose the energy E of the test particle with any small charge q (smaller than the black hole charge Q) that will satisfy the inequalities Eqs. (17) and (18). For in-falling of the test particleṙ 2 > 0 for all r > r e . This implies that (using Eq. (16))
R.H.S. of the above equation is monotonically decreasing and reaches the value E asymptotically at large r. Therefore, above inequality is satisfied for m < E which is true for any ordinary matter.
Thus, for κ > 0, the overcharging an extremal black hole is always possible by throwing a test charged particle of small charge q and energy E satisfying the conditions Eqs. (17) and (18). This is a significant departure from the result obtained in the case of GR, where even without the back-reaction, it is not possible to create a naked singularity by overcharging an extremal charged black hole. The test charge required for such a process can never enter the black hole. But, in BI theory, since the dynamics are different, it is possible to find a situation where overcharging an extremal black hole is possible. If we can create a naked singularity from an extremal solution using a physical process, it is a counterexample to the cosmic censorship in the context of Born-Infeld gravity. It seems unlike GR, it is easier to invalidate cosmic censorship for Born-Infeld modification of the gravity.
Next, we would like to know if this can be avoided provided we modify the matter section also using the Born-Infeld prescription. In the next section, we will study the overcharging problem for Black holes supported by the Born-Infeld electric field.
V. BLACK HOLES SUPPORTED BY THE BORN-INFELD ELECTRIC FIELD AND THE OVERCHARGING PROBLEM
In curved spacetime, the Lagrangian density for the Born-Infeld electromagnetic field theory is given by [2],
where, F = F µν G µν are two scalar quantities constructed from the components of the electromagnetic field tensor (F µν ) and the dual field tensor (G µν ). Here, b sets an upper limit on the electromagnetic field and, when b → ∞, Maxwell's theory is recovered. The resulting energy-momentum tensor has the following general expression:
For an electrostatic scenario (i.e. A µ ≡ {A t (r), 0, 0, 0}) G = 0.
A. General relativity
In GR, the black hole solution with Born-Infeld electric field due to a point charge is known as geonic black hole solution [47] . In this scenario, a distant observer associates a total mass which comprises M (the black hole mass) and a pure electromagnetic mass stored as the self energy in the electromagnetic field. If M is zero, the spacetime becomes regular everywhere. The spacetime for such a geonic black hole is given by
where
By solving the equation of motion for the potential A t , or alternatively from the conservation of the stress-energy tensor given in Eq. (26) (i.e. ∇ µ T µν = 0), we get
There is a point singularity at r 0 = 0. For the extremal configuration, the horizon radius r e and the relation between the black hole charge Q and mass M become (using g e (r e ) = g ′ e (r e ) = 0)
and M = Q 3
Note that 4b 2 Q 2 > 1 for the existence of extremal event horizon. The above relations reduce to the limit of extremal Riessner-Nordström black hole for b 2 → ∞ (i.e. the limit of
Maxwell's electromagnetic field theory). Using Eqs. (27) , (28) in Eq. (4), we geṫ
To satisfy the conditionṙ 2 > 0 for the existence of the horizon radius, r = r e (Eq. (29)),
The condition for exceeding the extremality of the final black hole becomes (by using Eq. (6))
where M =Q(Q, b 2 ) for the initial extremal black hole configuration andQ(Q, b 2 ) is given by Eq. (30).
Both Eqs. (32) and (33) will be simultaneously satisfied when ∆ > 0 where
Assuming a small deviation from Maxwell's theory or large black hole charge such that b 2 Q 2 ≫ 1 and small charge of the test particle such that Q ≫ q, we get
We note that overcharging of the extremal black hole is not possible for any large b and small q. To show this for any arbitrary b 2 > 1 4Q 2 and q < Q, we define the dimensionless variable ξ(ν, η), (where ν = 1 bQ and η = q Q ), as
We plot (3D surface plot) ξ as a function of ν and η. The values of ν and η are in the ranges of −2 < ν < 2 and 0 < η < 1. We note that ξ is always negative (ξ < 0). Thus there is no window for choosing the energy E of the charged test particle such that the conditions given by Eqs. (32) and (33) will be simultaneously satisfied. Hence, the overcharging of an extremal geonic black hole is never possible. This is basically an illustration of the general result obtained in [57] for matter described by Born-Infeld Electrodynamics.
In the next section, we will consider the case when both the matter and the gravitational sector is modified in accordance with the Born-Infeld prescription.
B. EiBI gravity
In EiBI gravity, the resulting black hole solutions are characterized by BI parameters, both κ (for BI gravity) and b 2 (for BI electrodynamics) in addition to the black hole charge Q and mass M. For detailed description of the spacetime solutions and their properties see
Ref. [20] . Using these solutions, here, we show that overcharging of extremal black holes is possible only for a certain choice of κ and b 2 , particularly for 4κb 2 > 1. Interestingly, the conditions for choice of E for the case of 4κb 2 = 1 become exactly same as in the RiessnerNordström black holes. Therefore it is the critical choice for κ and b 2 . As a result, we will analyze different situation depending on the values of 4κb 2 .
1. 4κb 2 = 1:
For 4κb 2 = 1, the metric functions take simple forms which are given by [20] g tt = −h(r) and g rr =ψ 2 (r)/h(r) wherẽ
The spacetime looks simpler when we use a radial coordinate transformation given bȳ
Then the spacetime becomes [20] ds 2 = U(r)
Note that r 2 = V (r)r 2 . The spacetime (Eq. (40)) resembles the Riessner-Nordström spacetime apart from the conformal factors U and V . As κ → 0 (and consequently b 2 → ∞ as 4κb 2 = 1) the spacetime reduces to Riessner-Nordström spacetime. There is a point singularity at r = 0, at the location of the charge Q and mass M.
From the equation of motion for the scalar potential A t , or alternatively from the conservation of the stress-energy tensor given in Eq. (26) (i.e. ∇ µ T µν = 0), we get
Thus the scalar potential A t becomes
For the extremal black holes, the horizon radius r e and the relation between Q and M are obtained (using h(r e ) = h ′ (r e ) = 0 and Eq. (39)) as
Note that, for non-extremal black holes, the event horizon (r + ) and the Cauchy horizon (r − ) are given by
Using Eqs. (37), (38) , and (43) in Eq. (4), we geṫ
To satisfy the conditionṙ 2 > 0 at the horizon radius, r = r e (Eq. (44)),
where we used Q = M for the initial extremal configuration. E > q and E < q can not be satisfied simultaneously. We encountered exactly similar situation for extremal RiessnerNordström black holes. Thus the overcharging of extremal black holes are not possible for
For 4κb 2 > 1, the resulting spacetime is given by [20] g tt = −U α (r)h α (r) and g rr = Vα(r) Uα(r)hα (r) where h α (r) = 1 + αr for α > 2.
From the equation of motion for the scalar potential A t , we get
The last integration can be performed analytically after using the transformation z = 1 + Q 2 b 2 x 4 . We obtain
For extremal black holes, we obtain the horizon radius r e , the corresponding value ofr e , and the relation between Q and M
M =r e 2 1 + 2b
To satisfy the conditionṙ 2 > 0 at the horizon radius, r = r e (Eq. (55)),
where A t (r e ) is to be evaluated using Eq. (54).
For exceeding the extremality of the final black hole becomes (by using Eq. (6))
where M =Q(Q, b 2 , α) for initial extremal configuration andQ(Q, b 2 , α) is given by Eq. (56).
Both Eqs. (57) and (58) will be simultaneously satisfied when ∆ > 0 where
For small deviation from Maxwell's theory or large black hole charge such that b 2 Q 2 ≫ 1 we get
where we carefully expanded all the terms in Eqs. (53), (55) , and (56) upto the order
Using the above approximate results in Eq. (59) and assuming small test charge q << Q,
Since α = 4κb 2 > 1, ∆ > 0 and there is a window for choosing E suitably for any small deviation from Maxwell's electromagnetic field theory.
To show the validity of the above result for any b 2 Q 2 > 1/4, we define a dimensionless function ξ(η, α; ν) = ∆/Q where η = q/Q and ν = 1/bQ. In the Fig. 5 , we plot (3D surface) ξ for two choices of ν and we note that ξ > 0 for 4κb 2 > 1 given any value of q < Q.
Therefore both analytical and numerical analysis confirm that overcharging of an extremal black hole is possible when only 4κb 2 > 1.
VI. CONCLUSIONS
We summarize our results point wise below:
• We have seen that overcharging of an extremal black hole is possible in Born-Infeld gravity (or, so called Eddington-inspired Born-Infeld (EiBI) gravity) sourced by a Maxwell's electric field with black hole charge Q and mass M. The theory parameter of EiBI gravity κ appears in the inequalities for E for a given q, where E and q are energy and charge of the test particle of mass m, thrown radially to destroy the black hole. In fact, κ generates an window for a viable choice of E satisfying the condition of overcharging. This is a significant departure from the case of general relativity.
• Next, we investigate what would happen when we consider BI electric field instead of Maxwell's electric field. We use results of the spherically symmetric static solutions in BI gravity coupled BI electrodynamics [20] . The solutions are characterized by two parameters-κ for BI gravity and b 2 for BI ED-apart from charge Q and mass M.
κ → 0 gives the GR limit for gravitational sector and b 2 → ∞ gives Maxwell's limit of BI electrodynamics theory.
(i) We took the solution for the critical case 4κb 2 = 1 as this gives the simplest form of metric functions [20] . For this, we interestingly found that the criteria for overcharging an extremal black hole is exactly same as we see in the case of Reissner-Nordstrom solution, i.e. E > q and E < q . Thus overcharging is not possible as long as 4κb 2 = 1.
(ii) We also looked at geonic black hole solution. This is an old known solution in GR with Born-Infeld electric field instead of Maxwell's electric field as the matter. This is also a limiting case of the solution for BI gravity coupled to BI electrodynamics with κ → 0. Here also, we found that overcharging is not possible. This is also an interesting result as "GR + BI ED" leads to "overcharging is not possible"; but "BI gravity+ Maswell's ED" leads to "overcharging is possible".
• Extending our analysis further, we showed that in general overcharging of an extremal black hole is possible only for the case 4κb 2 > 1 . All of the above results are included in this inequality.
There are several observational and theoretical justification to look for physics beyond general relativity. Eddington-Inspired Born-Infeld (EiBI) gravity is a viable candidate for such a modified theory of gravity. But, a modified theory of gravity is also expected to be as well behaved as Einstein's theory of general relativity. Analysing the applicability of the Cosmic Censorship conjecture in terms of overcharging an extremal black hole solution is therefore a good consistency check for an alternative theory of gravity. In this work, we show that for the parameter range 4κb 2 > 1, such a overcharging is possible with test particle. This is completely different from the case of general relativity. As a result, it seems that the validity of the Cosmic Censorship limits the choice of BI parameters to 4κb 2 ≤ 1. Similar bounds of the parameters of a modified gravity theory like Einstein Gauss Bonnet gravity has been found using the validity of the classical second law for black holes [64] . Therefore, it may be interesting to understand further consequences of the bound 4κb 2 ≤ 1 for black hole mechanics in EiBI gravity.
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